Evolution formulas of the density operator, the photon number distribution, and the Wigner function are derived for the problem on the optical fields propagation in realistic environments. The method of deriving these formulas is novel and the results are very useful for quantum optics and quantum statistics.
II. PHYSICAL AND MATHEMATICAL MODEL
The fact that a optical field propagation in the realistic environment (in optical-channel formalism) can be simulated as the interaction of a fictitious BS (in the BS formalism). The initial optical field ρ (0) (denoted by the input quantum state ρ in ) in the main mode a and the environment (also reservoir or channel, denoted by a general environment state ρ b ) in the auxiliary mode b are interacted by a BS (described by the operator B). The output quantum state ρ out (i.e. the final optical field ρ (τ )) can be given by making partial trace over the ancillary mode b,
Our equivalent model ia shown in Fig.1 . There exist the one-to-one correspondence between the optical-channel formalism and the BS formalism. In their respective formalism, we have
In optical-channel formalism, a (τ ) is the attenuated light mode, b (τ ) is a flunctutation mode, and κ is a damping constant. While in the BS formalism, we defined the BS operator B = exp θ a † b − ab † in terms of the creation (annihilation) operator a † (a) and b † (b) with the transmission coefficient t = cos θ and r = sin θ. The relationship can be linked by t = e −κτ /2 , r = (1 − e −κτ ), and ρ (0) ⇐⇒ ρ in ; ρ (τ ) ⇐⇒ ρ out . It should be emphased that t is the transmission coefficient of the BS and τ is the time of the optical field propagation in the channel.
As pointed in Ref. [9] , the simple intuitive model is exact for dissipation in Gaussian reservoirs. Hence, we take a squeezed thermal state (a general Gaussian quantum state), i.e.
as the environment. This environment can be reduced the reservoirs of vacuum (n = λ = 0), thermal (λ = 0), or squeezed vacuum (n = 0). By the way, S (λ) = exp
is the single-mode squeezed operator with real squeezing parameter r. Moreover, ρ th (n) = ∞ n=0n n (n+1) n+1 |n n| is a thermal state with the average photon number n.
III. BEAM SPLITTER FORMALISM
In this section, we shall derive the output density operator, the output photon number distribution, and the output WF in the BS formalism.
A. Density operator
By using the Weyl expansion of the density operator [10, 11] , we can express ρ in and ρ b in the CF formalism
and
where D a (α) = exp αa † − α * a is the displacement operator in mode a, and (5) into Eq.(1) and using the BS transformation relations, we have
with X = M r 2 /t 2 and Y = N r 2 /t 2 . In the above step, we have used the relation
. Eq.(6) can also be written as
Therefore, once the input CF χ in (α) is known, then the density operator of the output optical field can be obtained by performing the integration in Eqs. (6) or (7).
B. Photon number distribution
The PND is a key characteristic of every optical field. All interesting states of the field are constructed as a combination of Fock states, and different combinations have different quantum properties. Optical field propagation at different time has different character by analyzing the PND. Noticing the definition of the PND, i.e. P out (n) = n| ρ out |n and using Eq. (7), we have
where we have used that
2 e α * a e −αa † and n| = 0|
Here, we remain the differential form. Thus, once the input CF is known, then the output PND can be obtained by performing the integration in Eq. (8).
C. Wigner function
The WF is a well-known quantum mechanical quasi-distribution function used extensively in molecular and quantum optical computations as well as in various theoretical contexts [13] , whose negativity is a witness of the nonclassicality of a quantum state [14] . For a single-mode density operator ρ, the WF in the coherent state representation |z can be expressed as
with ε = (x + ip) / √ 2. Thus, we have the WF
for the input state ρ in and
for the output state ρ out . Next, we try our best to find the input-output relationship of the WF. Recalling the following identity [15, 16] 
we find
Then we change Eq. (13) into
that is,
with T = r 2 (2n + 1). Replacing z = 1 t ε + iγ, then we change Eq.(15) in another form as follows
Thus the transformation formula of the input-output WF in the BS formalism have been obtained. Once the input WF is known, then the output WF can be obtained by performing the integration in Eq. (15) or (16).
IV. OPTICAL-CHANNEL FORMALISM
Now, we come back to the realistic situation. Noticing the correspondences between the BS formalism and the optical-channel formalism, i.e., t = e −κτ /2 , r = (1 − e −κτ ), we can easily obtain the time evolution formulas of the density operator, the PND and the WF at the moment τ from Eqs. (7), (8) 
and (16).

A. Density operator
From Eq. (7), we obtain the density operator of the optical field at any time
where χ (α; 0) is the CF of the initial state ρ (0). Hence, as long as we know the initial CF, we can obtain the density operator at any time.
B. Photon number distribution
From Eq. (8), we obtain the PND of the optical field at any time
One can verify the correctness of this formula in two extreme cases, i.e. τ → 0 and τ → ∞. Once the initial CF is known, then the final PND can be obtained by performing the integration in Eq. (18) .
C. Wigner function
Using the correspondences W in (z) → W (z; 0) and W out (z) → W (ε; τ ), Eq. (16) can further expressed as
with T = (2n + 1) (1 − e −κτ ). This is an important result, which shows the evolution formula of the WF for the optical field through the optical channel. Thus once the initial WF is known, the WF at any time can be obtained by performing the integration in Eq. (19). In particular, when λ = 0,n = 0, Eq.(19) is reduced to the result in Ref. [17] . Moreover, when κτ → ∞, W (ε; τ ) → W ρ b (ε), just like in Appendix A.
V. APPLICATION OF THE EVOLUTION FORMULAS
Actually, we have derive some general formulas in the general Gaussian reservoir (or environment) with squeezed thermal state. However, for the sake of simplicity, we discuss the time evolution of the PND and the WF by taking thermal channel (that is, we set λ = 0 and M =n + 
Here |κ is a coherent state and Γ = 1 + |κ| 2 is the normalization factor.
A. Photon number distribution
Using Eq.(30) and (18), we have
with Λ = (n −ne −κτ + 1) −1 . After verification, we find that P (n; 0) → P |ψa (n) and P (n; ∞) →n n / (n + 1) n+1 as expected.
In Fig.2 , we plot the PND for two different cases with (a) κ = 0.5 + 0.5in = 0.5 and (b) κ = 1,n = 0.3 at different evolution time. The blue, purple, brown and green bars are corresponding to the cases at κτ = 0, κτ = 0.05, κτ = 0.25, and κτ → ∞. Taking P (0) as an example, as shown for the first bars in Fig.2 (a) , the zero-photon component P (0) is increasing with the evolution time κτ , where we find P (0) =0 at κτ = 0, P (0) =0.0302572 at κτ = 0.05, P (0) =0.145164 at κτ = 0.25, and P (0) =0.666667 at κτ → ∞.
B. Wigner function
Substituting Eq.(31) into Eq.(19), we have
with
2 e −κτ − g, and g = (2n − 2ne −κτ + 1) −1 .
In particular, when κτ → 0, we find that W (ε; 0) → W |ψa (ε), (see appendix B (3)); while κτ → ∞, we have In Fig.3 , we plot the WFs for the case κ = 0.5 + 0.5i,n = 0.5 at κτ = 0, κτ = 0.05, κτ = 0.25, and κτ → ∞. With the increase of time, the negativity of the WF gradually decreases until it disappears.
VI. CONCLUSION
In this paper, we have explored the problem on the optical fields propagation in realistic environments. For our purpose, we have abstracted it into the optical-channel formalism and the BS formalism. In the BS formalism, we derive the input-output relation of the density operator in the CF formalism, which is convenient for obtaining the formulas of the PND and the WF. Using the correspondences of these two formalisms, we easily obtain the time evolution formulas of the density operator, the PND and the WF. These formulas are very important in quantum optics and quantum statistics. As long as we know the CF or the WF of the initial optical field, we can readily find the statistical properties of the optical fields at any time. As an example, we have discussed the case of the single-photonadded coherent state propagated in thermal channel.
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